We introduce linear Dirac and generalized complex structures on Cartan geometries and give criteria for Dirac subalgebras of g ⋉ g * representing Dirac structures on a Cartan geometry. We prove that there is a bijection between the linear generalized structures on a torsion free Cartan geometry and the equivariant generalized structures on its corresponding homogeneous space.
Introduction
Generalized complex geometry was introduced in [12] as a common generalization of complex and symplectic structures and has found several applications in physics and mathematics. Using the identification between the Lie algebra g of a Lie group G and left invariant vectors field on T G, equivariant Dirac structures and generalized complex structures on homogeneous spaces have been classified in [18] by the Lie algebra information of the homogeneous spaces. This gives a description of equivariant Dirac structures in terms of algebra data.
Cartan geometry is a common generalization of Riemannian geometry, conformal geometry and Klein geometry, which generalizes the linear tangent spaces of the former to the more general homogeneous spaces of the latter. It has been a unifying framework and a powerful tool for the study of conformal, projective, CR and related contact structures in differential geometry. Roughly speaking, a Cartan geometry is a curved analogon of a homogeneous space, twisted by a curvature κ (see [3] , [5] ). Every Cartan geometry has a corresponding flat model (homogeneous space G/P ) and a Cartan connection which plays the role of the Cartan 1-form in the homogeneous space case. So just like the construction of equivariant Dirac structures in homogeneous spaces by using the Cartan 1-form, it is natural to introduce certain Dirac structures in a Cartan geometry, which we will call linear, by using the Cartan connection. As a curved homogeneous space, Cartan geometry inherits the generalized structure on its flat model (homogeneous space) in some sense. This gives a description of such Dirac structures in terms of Lie algebra data and allows us to provide some new examples of generalized complex structures.
The paper is organized as follows. In Section 2, we recall some basic notions of Dirac and generalized complex structures. In Section 3, we give the basic notions of Cartan geometry including Cartan connection and Cartan curvature. In Section 4, we introduce linear generalized structures on Cartan geometry and give criteria for a Dirac subalgebra of g ⋉ g * to represent a Dirac structure on a Cartan geometry. We prove that there is a bijection between the linear generalized structures on a torsion free Cartan geometry and the equivariant generalized structures on its corresponding homogeneous space.
Dirac and Generalized Complex Structures
In this section, we introduce the basic definitions of Dirac and Generalized complex structures, see [7] for more details. For a manifold M, there is a natural bilinear form on T := T M ⊕T * M, given by pairing
. Furthermore, T is equipped with the Courant bracket defined by
The bracket ·, · and the bilinear form ·, · extend C-bilinearly to T C = T ⊗ C. It is easy to see that the i-eigenbundle D of a generalized complex structure J is actually a maximal isotropic subbundle of T C , so it is a complex Dirac structure and the following theorem shows that the study of generalized structures lies in the framework of Dirac structures. It is well-known that for a Dirac structure D on T M ⊕ T * M, the real index r of D satisfies:
where m is the dimension of the manifold M. So generalized complex structures only exist on even-dimensional manifolds and are actually kinds of minimal real index Dirac structures. For odd-dimensional manifolds, we could also study the minimal real index Dirac structures, i.e. D ∩ D is a trivial (under some geometric consideration) subbundle of T M ⊕T * M. They have been researched in some slightly different form under the name generalized contact geometry.
Cartan geometry
Roughly speaking, a Cartan geometry is the curved analogon of a homogeneous space twisted by a curvature κ.
At first, let us recall the basic definitions in Cartan geometry.
Definition 3.1. Let G be a Lie group with Lie algebra g, a Cartan geometry (π :
is given by a principal bundle G −→ M with structure group P equipped with a g-valued 1-form (Cartan connection) satisfying the following conditions:
• ω ∀a ∈ P , where R a denotes the right action of an element a in the structure group; 3. ω(ζ A ) = A, ∀A ∈ p where p is the Lie algebra of P and ζ A is fundamental vector field on G generalized to A ∈ g.
The curvature of a Cartan connection is defined to be a g-
Given a homogeneous space (G, P ), with the left invariant Cartan 1-form, we see that they satisfy the conditions of Definition 3.1 and the curvature κ = dω+ One simple property is that the curvature κ is equivariant (because ω is equivariant). Hence, we can view κ as a 2-form on M with values in the vector bundle G × P g (associated to the adjoint representation of G). Moreover, κ is a horizontal form (see [4] ), i.e. for ξ ∈ T V P (T V P is the vertical distribution of principal bundle (G, P )), we have κ(ξ, ·) = 0. This is to say, we can view κ as a function valued in
. We say that a Cartan geometry is torsion free if its curvature function takes values in the subalgebra p ⊂ g only.
As a particularly interesting case let us consider parabolic geometry, i.e. a Cartan geometry where g is semisimple and p is a parabolic subalgebra of g. We know that (see [4] ) for a semi-simple Lie algebra g, a parabolic subalgebra p is equivalent to having an |l|-grading of g:
is generated by g −1 and we have the following facts about this grading:
1. There exists a grading element E ∈ g 0 such that [E, A] = iA if and only if A ∈ g i ;
The Killing form B(·, ·) defines isomorphisms g
Now, the curvature of a parabolic geometry can be defined as the function κ :
, ∀A, B ∈ g . We can decompose the curvature in terms of this grading, i.e.
So a parabolic geometry is torsion free if and only if κ −i = 0, for all i = 1, . . . , l.
Generalized Structures in Cartan Geometry
In this section, we introduce linear generalized structures in Cartan geometry. In the case of homogenous spaces, they are the generalized structures researched in [18] .
Given a Cartan geometry (π : G −→ M, ω, G/P ), because the map ω p : T p G −→ g is a linear isomorphism for every p ∈ G, we can identify T G with G × g and denote the inverse by ω −1
. Now consider the natural morphism F from
Define a bilinear form on the sections of G × (g ⊕ g *
) by the natural pairing
. Define a semidirect product Lie algebra structure on the vector space g ⊕ g * , i.e.
and denote it by g ⋉ g * .
Definition 4.1. A subalgebra of g⋉g * is called a Dirac subalgebra if it is a maximal isotropic subspace of
We see that a Dirac subalgebra is just the usual notion of a Dirac structure for the Courant algebroid on g ⊕ g * over a point. Now we give the criteria for a Dirac subalgebra D representing a Dirac structure on G.
Moreover we define a 3-form Θ ∈ Γ(∧ 3 G ×(g⊕g D) ), i.e. for every A + ξ, B + η ∈ D (see as constant sections of G × (g ⊕ g * ))
Proof. F(D) is obviously maximal isotropic, we just need to prove that [Γ(F(D)), Γ(F(D))] ⊂ Γ(F(
By formula (2), i.e. dω + 1 2
[ω, ω] = κ, we have for every A, B, C ∈ g and ξ, η ∈ g * (seen as constant sections of G × g and G × g * respectively),
After some simple computations, we get
where [·, ·] g denotes the pointwise Lie bracket of G × g. On the other hand, it is easy to obtain the following formulas:
By (5), (6) and (7), we get
where η, κ(ω
It is equivalent to f (A + ξ, B + η), e T G⊕T * G = 0 for every e ∈ Γ(F(D)). But this is equivalent to the criterion (4).
On the other hand, we have
(G) and e 1 , e 2 ∈ Γ(F (D)). That is to say that [ω
. This completes the proof.
Corollary 4.3. Let (π : G −→ M, ω, G/P ) be a torsion free Cartan geometry, then for every Dirac Lie algebra
Proof. Because of torsion freeness, we have K(e 1 , e 2 ) ∈ Γ(G × p), for all e 1 , e 2 ∈ D. Now D is isotropic and im(κ p ) ⊂ p ⊂ D for every point p on P , so e 1 , p = 0, i.e. e 1 , κ(e 2 , ·) = 0, for every e 1 , e 2 ∈ D. So by Theorem 4.2, the proof is complete.
Proposition 4.4. For every Dirac subalgebra
Proof. The invariance of F(D) can be obtained from the P -equivariance of the Cartan connection, i.e. R a * ω = Ad(a In order to obtain Dirac structures on M = G/P , we use the natural projection π to push forward the Dirac structure from G to M, i.e. define a subbundle π
where X ∈ Γ(T P ) denotes any P -invariant lift of X ∈ Γ(T M).
Theorem 4.5. Let (π : G −→ M, ω, G/P ) be a Cartan geometry, then for every Dirac Lie algebra
Proof. At first, we have e 1 , e 2 T M ⊕T * M = e 1 , e 2 T G⊕T * G , where e 1 , e 2 ∈ Γ(π * F(D)) and
, where T V G is the vertical distribution, we get X + π * (ξ), e = 0 for every P -invariant lift X of X and every e ∈ Γ(F(D)).
To see the integrability, let F(D)) ). This completes the proof. As a special case of Theorem 4.6, we study the Dirac structures on a homogeneous space G/P , where P is a closed connected subgroup. Here the Cartan connection ω is just the Cartan 1-form and the curvature κ = 0. We identify left-invariant vector fields with g by ω. So we see that for every Dirac Lie algebra D of g ⋉ g * , F(D) is the corresponding left invariant Dirac structure on T G ⊕ T * G. By Corollary 4.8, every Dirac Lie algebra D containing p gives a Dirac structure π * (F(D)) of T M ⊕ T * M and it is easy to see that this Dirac structure is G-invariant. On the other hand, we have.
Theorem 4.13 ([18]). There is a bijection between the G-invariant Dirac structures on G/P and the set of Dirac subalgebras
So in the case of a homogeneous space, the Dirac structures and generalized complex structures studied in [18] are just the linear Dirac structures we get by Theorem 4.6.
From the discussion above, we see that linear generalized structures are determined by data in the Lie algebra. At the same time, the G-invariant generalized structures on the homogeneous space G/P are determined by the same algebra data (see Corollary 4.16 and [18] ). That is to say, there is a bijection between the linear generalized structures on a torsion free Cartan geometry (π : G −→ M, ω, G/P ) and the G-invariant generalized structures on its corresponding homogeneous space G/P . Every invariant generalized structure on G/P has a corresponding "curved" generalized structure on G/P , so as a curved homogeneous space, every Cartan geometry inherits the generalized structures of its flat model (homogeneous space) in the above sense. Now, every G-invariant generalized structure in torsion free Cartan geometry can be decoded by the corresponding Dirac Lie algebra of g ⋉ g * , i.e. linear Dirac structures. On the other hand, every maximal isotropic subspace of g ⋉ g * is of the form L(E, ε) := {X + ξ ∈ g ⊕ g * |X ∈ E and i X ε = ξ |E } where E is a subspace of g and ε ∈ ∧ 2 g * .
From Corollary 4.16 or 4.17, we see that for a general Cartan geometry, the criteria for a Dirac subalgebra of g ⋉ g * to represent a generalized structure are the same as in the homogeneous case except for the extra condition involving the Cartan curvature. Conversely every Dirac subalgebra of g⋉g * which gives a Dirac structure on a Cartan geometry also gives a G-invariant Dirac structure on the corresponding homogeneous space. The homogeneous space case has been studied thoroughly in [18] , so it would be interesting to analyze some special (torsion free for example) Cartan geometries to obtain new generalized complex structures.
